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THE TEMPLATES OF NONSINGULAR SMALE FLOWS ON
THREE MANIFOLDS
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Abstract. In this paper, we first discuss some connections between template
theory and the description of basic sets of Smale flows on 3-manifolds due to
F. Be´guin and C. Bonatti. The main tools we use are symbolic dynamics,
template moves and some combinatorial surgeries. Second, we obtain some
relationship between the surgeries and the number of S1 × S2 factors of M
for a nonsingular Smale flow on a given closed orientable 3-manifold M . Be-
sides these, we also prove that any template T can model a basic set Λ of a
nonsingular Smale flow on nS1 × S2 for some positive integer n.
1. Introduction
The paper is about using template theory to understand nonsingular Smale flows
(abbreviated as NS flows) on 3-manifolds.
On the level of topological equivalence, dynamics of general structually stable
flow is complicated and not much is know, even in dimension 3. However, if we
restrict ourselves to a special class, various methods apply. For example, nonsin-
gular Morse Smale flows (abbreviated as NMS flows) have been effectively studied
by associating NMS flows with a kind of combinational tool, i.e., round handle de-
composition, see [1], [16] and [24]. Here an NMS flow is a structurally stable flow
whose nonwandering set is exactly composed of finite closed orbits.
A larger class than NMS flows is NS flows. NS flows were first introduced by J.
Franks in the 1980s, see [7], [8], and [11]. An NS flow is a structurally stable flow
with one-dimensional invariant sets and without singularities. For general NS flows,
the situation becomes more complicated than NMS flows. A theorem of Bowen [3]
says that a one-dimensional hyperbolic basic set Λ must be topologically equivalent
to a suspension of a subshift of finite type (abbreviated as SSFT). Therefore, sym-
bolic dynamics is very useful in the study of one-dimensional hyperbolic basic set.
However, it doesn’t provide any embedding information. J. Franks ([7], [8], [11])
used homology and graphs to describe some embedding information of NS flows on
3-manifolds.
To study NS flows on 3-manifolds extensively, a natural idea is to discuss a kind
of neighborhoods of basic sets and then study how to glue these neighborhoods
together.
Template theory (see Section 2.1) provides a kind of neighborhoods of one-
dimensional hyperbolic basic sets, i.e., thickened templates. Thickened templates
are useful to the study of NS flows on 3-manifolds because:
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(1) A thickened template is homeomorphic to a handlebody;
(2) Using a thickened template, one can easily read the symbolic dynamics of
a basic set and describe the knot types of the closed orbits in the basic set.
M. Sullivan [23] and the author [26] used thickened templates to discuss a special
type of NS flows on 3-manifolds. However, it seems hopeless to establish a general
framework for NS flows on 3-manifolds by using thickened templates due to the
following two facts:
(1) It is difficult to describe the entrance set and the exit set in the boundary
of a thickened template;
(2) Many different templates can be used to model a given nontrivial basic set.
In [2], F. Be´guin and C. Bonatti gave several concepts and results to describe the
behavior of a given nontrivial basic set. An introduction to their work can be found
in Section 2.3. Their work provided another kind of neighborhoods of nontrivial
basic sets on 3-manifolds, i.e., filtrating neighborhoods. We note that the same
concept was also discovered by J. Franks in [11], who named it “building block”.
Filtrating neighborhoods are useful because:
(1) The filtrating neighborhood of Λ is unique up to topological equivalence for
a given nontrivial basic set Λ;
(2) Filtrating neighborhoods are natural chunks for the reconstruction of the
underlying 3-manifold with a Smale flow. See [11] and [20].
In spite of these advantages, it is difficult to study the topological structures of
filtrating neighborhoods systematically.
In this paper, we first give a structure theorem (see Theorem 4.4) to show some
connections between the filtrating neighborhood and a thickened template for a
given nontrivial basic set. The structure is described by some parameters (gi, ki, t).
In this process, we also discuss some connections between template theory and some
concepts proposed by F. Be´guin and C. Bonatti (see Theorem 3.3 and Theorem 4.3).
Our main tools are some combinatorial surgeries, i.e., surgeries on edge graphs,
template moves and attaching thickened surfaces with flows.
In Theorem 4.5, we find that for an NS flow on a 3-manifold M , the parameters
(gi, ki) are bounded by a topological invariant of 3-manifolds, i.e., the number of
the S1 × S2 factors of M (see Theorem 4.5). As a corollary (Corollary 4.6), given
a template T and a closed orientable 3-manifold M , there exist at most finitely
many filtrating neighborhoods (up to topological equivalence) modeled by T in an
NS flow on M . As an application, we give an example (Example 4.7) to discuss the
realization of a special type of NS flows on 3-manifolds. Example 4.7 also shows
that although the topological type of filtrating neighborhood (given T and M) is
finite, there are infinitely many possible different ways to embed some filtrating
neighborhood of T as a filtrating neighborhood of an NS flow on M .
Another interesting problem is the realization of one-dimensional basic sets in
NS flows on 3-manifolds, which will be the topic in the last section. If the basic sets
are described by SSFT, the realization problem is considered in [19] and [9]. The
realization problem of SSFT is completely solved in the sense that for any SSFT
and any closed orientable 3-manifold M , there is an NS flow φt on M such that the
SSFT can be realized as a basic set of φt (see [11] and Proposition 6.1 in [7]). If
the basic sets are described by a template, Meleshuk [17] proved that there exists
some 3-manifold admitting an NS flow such that there exists a basic set of the NS
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flow modeled by the template. It is natural to ask: for a given template T , which
3-manifolds admit (or do not admit) an NS flow with a basic set modeled by T ?
The author [27], proved that:
(1) If a closed orientable 3-manifold M admits an NS flow with a basic set
modeled by T , then M = M ′♯g(T )S1 × S2. Here g(T ) is the genus of T ,
see [27].
(2) There exists a closed orientable 3-manifoldM ′ such thatM =M ′♯g(T )S1×
S2 admits an NS flow with a basic set modeled by T .
In the last section, we prove that any template T can model a basic set Λ of an NS
flow ψt on nS
1×S2 for some positive integer n (obviously n ≥ g(T )), see Theorem
5.5.
2. Preliminaries
Basic definitions and facts about dynamical systems can be found in [21].
2.1. Template. A Template (T, φ) is a smooth branched 2-manifold T , constructed
from two types of charts, called joining charts and splitting charts, together with
a semi-flow. A semi-flow is the same as flow except that one cannot back up
uniquely. The semi-flows are indicated by arrows on charts in Figure 1. The gluing
maps between charts must respect the semi-flow and act linearly on the edges.
Figure 1.
The following template theorem of R. Williams and J. Birman ([5], [6], [13])
shows the importance of template theory to the study of flows on 3-manifolds.
Theorem 2.1 (the template theorem). Let φt be a smooth flow on a 3-manifold M
with a hyperbolic basic set. The link of closed orbits Lφ is in bijective correspondence
with the link of closed orbits LT on a particular embedded template T ⊂ M (with
LT containing at most two extraneous orbits).
Remark 2.2. In Theorem 2.1, if the topological dimension of the basic set is 1, then
the correspondence is exactly bijective without any extraneous orbits.
Now we introduce template moves, which were introduced by M. Sullivan and
the others ([13], [14]).
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Definition 2.3 (template moves). For a template, as Figure 2 shows, the move in
Figure 2 (a) is called a slide move; the move in Figure 2 (b) is called a split move.
Slide moves, split moves and their converse moves are collectively referred to as
template moves.
b splitmove( )
Figure 2.
We now briefly recall the construction of the templates of dimension 1 hyperbolic
basic sets, which is useful to our discussion. More details can be found in [13].
Let B be a dimension 1 hyperbolic basic set of a flow φt. By Theorem 2.9, B
is conjugate to an SSFT. Furthermore, Bowen and Walters [4] showed that there
exists a finite union of disjoint discs such that the Poincare´ return map on these
discs satisfies the condition of Markov partitions. Throughout this paper, this union
of disjoint discs is called a cross-section. The neighborhood of one of the above discs
is known as a Markov flowbox neighborhood. The incoming and outgoing flowboxes
near a flowbox are shown in Figure 3(a). A flowbox neighborhood is used to model
the flow on the neighborhood of one of the above discs. With this in mind, we can
normalize it to Figure 3(b) through a small perturbation.
Further, we decompose the perturbed Markov flowbox into some joining flow-
boxes and some splitting flowboxes in Figure 4. The gluing maps between simple
flowboxes must respect the flow and act linearly on the boundaries.
For a given Markov flowbox neighborhood of B constructed above, we can
“crush” the stable foliations to T which is a branched manifold with semiflow.
Locally, we obtain joining (resp. splitting) charts from joining (resp. splitting)
flowboxes and gluing maps between charts from gluing maps between simple flow-
boxes. It follows naturally from the definition that the gluing maps between charts
respect the flow and act linearly on the edges.
Therefore, we obtain an embedded template which models the dimension 1 basic
set.
Remark 2.4. A template move changes the topological type of the template but
that it is done in such a way as to not change the basic set.
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Figure 3.
Figure 4.
2.2. Symbolic dynamics and State splitting of edge graphs. All the defini-
tions and the facts in this subsection can be found in [8], [15].
Let Σn = {s = (..., s−1, s0, s1, ...) | sj ∈ {1, ..., n}, ∀j ∈ Z}. We can define
a distance on Σn as follows: for any s, t ∈ Σn, d(s, t) = Σ
+∞
j=−∞
δ(sj ,tj)
4|j|
where
δ(a, b) = {0, if a=b1, if a 6=b. Σn is called a two sided shift space. A homeomorphism σ on
Σn is defined as following. For any s ∈ Σn, let t = σ(s) where tj = sj+1. (Σn, σ) is
called a full two sided shift.
Let A = (aij)n×n, aij ∈ {0, 1}. A is called a transition matrix. ΣA is defined by
ΣA = {s = (sj) ∈ Σn | asj ,sj+1 = 1, ∀j ∈ Z}. We denote σ|
∑
A
by σA. (ΣA, σA) is
called a subshift of finite type.
Actually, we can define a subshift of finite type for any matrix A = (aij)n×n, aij ∈
Z
+ (such a matrix is called an adjacent matrix ). For this purpose, we need to
introduce two concepts, vertex graphs and edge graphs. For an adjacent matrix A,
we take n vertexes v1, v2, ..., vn, then attach aij oriented edges from vi to vj for
any i, j ∈ {1, ..., n}. Therefore, we get an oriented graph G which is called the
vertex graph of A. Denote the edges of the vertex graph G by e1, e2, ..., em. For
the edge graph F of A, take the edges of G as the vertexes, which are still denoted
by e1, e2, ..., em and join ei to ej if there exists a vertex p in G such that ei starts
from p and ej terminates at p. Obviously, for two given vertexes ei, ej in F , there
exists at most one edge which starts from ei and terminates at ej. F determines a
unique transition matrix A′. A′ determines a subshift of finite type, which is called
the edge shift of A.
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For two adjacent matrixes A and B, let XA and XB be the edge shifts of A
and B respectively. It is natural to ask when XA is conjugate to XB. In [25], R.
Williams gave a necessary and sufficient condition by using adjacent matrix. We
state this condition by using edge graphs, see [15].
Definition 2.5. (1) Let G be an edge graph with vertex set V and edge set
ε. For a vertex v ∈ V , we divide v into v1 and v2, split outgoing edges of v
and copy incoming edges of v to obtain a new graph. This surgery is called
an out-split, see Figure 5. Reversing the orientation of G, we obtain a new
graph G1. Doing an out-split surgery on G1, we obtain a new graph G2.
Then reversing the orientation of G2, we obtain a new graph G
′. We call
the surgery from G to G′ an in-split.
(2) The converse surgery of an out-split (resp. in-split) is called an out-amalgamation
(resp. in-amalgamation).
(3) By dividing an oriented edge of an edge graph G to two oriented (the same
orientation) edges by increasing a vertex to the oriented edge of G, we
obtain a new graph G′. This surgery is called an expanding surgery.
Figure 5.
Theorem 2.6. Every conjugacy from one edge shift to another is a composition of
finite steps of splitting surgeries and amalgamation surgeries.
For SSFT, Parry and D. Sullivan [18] gave a complete classification up to topo-
logical equivalence by using adjacent matrix. Moreover, J. Franks [10] found a
complete set of computable algebraic invariants. Here we only state this kind of
result by using edge graph, see [15].
Theorem 2.7. Two SSFT given by edge graphs G and F are topologically equivalent
if and only if there exists a finite sequence of edge graphs G = G0, G1, ..., Gr = F
satisfying Gi ∼s Gi+1 or Gi ∼e Gi+1 for i = 0, ..., r − 1.
Here Gi ∼s Gi+1 means that Gi+1 can be obtained from Gi by a splitting or
an amalgamation. Gi ∼e Gi+1 means that Gi+1 can be obtained from Gi by an
expanding surgery or the converse of an expanding surgery.
2.3. NS flows on three manifolds.
Definition 2.8. A smooth flow φt on a compact manifoldM is called a Smale flow
if:
(1) the chain recurrent set R(φt) has hyperbolic structure;
(2) dim(R(φt)) ≤ 1;
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(3) φt satisfies the transverse condition.
If a Smale flow φt has no singularity, we call φt a nonsingular Smale flow (an
NS flow). In particular, if R(φt) consists entirely of closed orbits, φt is called a
nonsingular Morse Smale flow (an NMS flow).
The following theorem is due to Smale [22] and Bowen [3].
Theorem 2.9. The chain recurrent set R(φt) of an NS flow φt on a compact
manifold M satisfies:
(1) (Spectral decomposition) R(φt) = Λ1 ⊔ ... ⊔ Λn. Here each Λi (i = 1, .., n)
is called a basic set, i.e., Λi is an invariant subset of R(φt) and is a closure
of an orbit;
(2) Λi is a closed orbit or Λi satisfies that φt restricted to Λi is topologically
equivalent to an SSFT.
Now we introduce the descriptions of basic sets of Smale flows on 3-manifolds
by F. Beguin and C. Bonatti [2].
Let φt and ϕt be two smooth flows with compact invariant sets K and L respec-
tively. (φt,K) and (ϕt, L) are said to be equivalent if and only if there exists a
neighborhood U of K and a neighborhood V of L such that the restrictions of φt
to U and ϕt to V are topologically equivalent via a homeomorphism sending K to
L. The germ [φt,K] is the equivalence class represented by (φt,K).
Let φt be a smooth flow on a closed orientable 3-manifold M and let K be a
saddle set of φt. By a model of the germ [φt,K], we mean a pair (ϕt, N), where N
is a compact orientable 3-manifold and ϕt is a smooth flow on N transverse to the
boundary, such that:
(1) The maximal invariant set for ϕt in N is a saddle set Kϕt such that the
germ [ϕt,Kϕt ] is equal to the germ [φt,K].
(2) Denote by ∂1N the union of the connected components of the boundary of
N where ϕt is coming into N ; then any circle embedded in ∂1N and disjoint
with W s(Kϕt) bounds a disc in ∂1N which is also disjoint with W
s(Kϕt).
(3) Any connected component of N contains at least one point of Kϕt .
Theorem 2.10. Given a saddle basic set K of an NS flow φt on a closed orientable
3-manifold M , there exists a unique (up to topological equivalence) model (ϕt, N)
of the germ [φt,K].
Theorem 2.11. Let φt and ϕt be two Smale flows on two orientable 3-manifolds
M and N . Let K and L be two saddle basic sets of φt and ϕt respectively. If the
models of [φt,K] and [ϕt, L] are topologically equivalent, then there exist invariant
neighborhoods U of K and V of L such that the restriction of φt to U is topologically
equivalent to the restriction of ϕt to V .
A filtrating neighborhood of K is a neighborhood U such that:
(1) K is the maximal invariant set (for φt) in U .
(2) The intersection of any orbit of φt with U is connected (in other terms, any
orbit getting out of U never comes back).
Let (ϕt, N) be a model of the germ [φt,K]. Let D1 and D2 be two closed disjoint
discs contained in the entrance boundary of N such that the orbits of D1 and D2
leave N in a finite amount of time. The orbits of these two discs form the union of
two cylinders D2× [0, 1] endowed with the vector-field ∂
∂t
. Let us cut out of N these
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two cylinders and then paste the two resulting tangent boundary components. By
doing so, we have added to N a handle, getting a new 3-manifold still endowed
with a vector-field. This surgery is called handle attachment.
Proposition 2.12. If U is a filtrating neighborhood of K such that all connected
components of U meet K, one can obtain a pair topologically equivalent to (U,K)
by modifying (ϕt, N) by a finite number of handle attachments of the above type.
3. Template and Germ
If we extend a template T in the direction perpendicular to its surface, we obtain
a thickened template T . The semi-flow on T extends to a flow on T , see Figure 6.
∂T is composed of the entrance set X , the exit set Y and the dividing curves set
C. More details about thickened templates can be found in [17]. Denote ϕTt by the
flow on T and KT by the invariant set of ϕ
T
t .
Splitting chart thickening Joining chart thickening
Figure 6.
Then, we can define a germ [ϕTt ,KT ] for a template T . On the other hand, by
Theorem 2.1 (the template theorem), any germ can be represented by a template.
By the proof of Theorem 2.5 in [18], we have the following lemma.
Lemma 3.1. Up to isotopic equivalence, different cross-sections can be exchanged
by a finite sequence of unstable direction divisions (or their converses), stable di-
rection divisions (or their converses) and adding parallel cross sections (or their
converses).
Now we state the key lemma in this section.
Lemma 3.2. Let φt be a smooth flow on a 3-manifold M having a hyperbolic chain-
recurrent set which contains a dimension 1 basic set Λ. Every two templates induced
by Λ can be exchanged by a finite sequence of template moves.
Proof. Let T1 and T2 be two templates embedded in M such that both of them
model Λ. Obviously, there exist two cross-sections of Λ denoted by C1 and C2
corresponding to T1 and T2 respectively. If we crush the unstable foliation of T1
and T2, we can obtain two oriented embedded graphs G1 and G2. It is easy to see
that the two SSFT of the edge shifts defined by both G1 and G2 are topologically
equivalent to φt|Λ. Hence G1 and G2 can be regarded as two edge graphs of φt|Λ.
Given the relation between Gi and Ti, we call Gi the edge graph of Ti for i = 1, 2.
G1 and G2 are the so called template edge graphs in the sense that they can be
obtained by crushing the unstable foliations of two templates.
By Lemma 3.1 and some observations, we can obtain C2 from C1 by finitely many
steps of unstable direction divisions (or their converses), stable direction divisions
(or their converses) and adding parallel cross sections (or their converses) such that,
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( )a simplein-split ( )b simple out-split
Figure 7.
1 2 3
A B C
1 2 3
A B C
1 2 3
A B C
1 2 3
A B C
g
s
h
r
Figure 8.
after each step, we obtain a new cross-section of Λ. Each cross-section corresponds
to a Markov flowbox neighborhood (See Section 2.1 or [13]). By crushing the stable
and unstable foliations of a Markov flowbox neighborhood, we obtain an edge graph.
1
2
2
1
1
2
2
1
( )1 ( )2
Figure 9.
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Figure 10.
Obviously, unstable direction division, stable direction division and adding a
parallel cross section on cross sections correspond to in-split, out-split and ex-
panding surgery on edge graphs respectively. So, we can obtain G1 from G2 by
fn+1 ◦ gn ◦ fn ◦ ... ◦ g1 ◦ f1 (n ∈ N). Here each fi (i = 1, ..., n + 1) is a composi-
tion of finitely many steps of expanding surgery and/or its converse. and each gi
(i = 1, ..., n+ 1) is an out-split, an in-split or the inverse of an out-split or in-split.
For simplicity, we denote this relation by G1 = fn+1 ◦ gn ◦ fn ◦ ... ◦ g1 ◦ f1(G2).
Each gi can be written as the composition ri ◦ hi ◦ si satisfying the following
three conditions:
(1) Both si ◦ fi ◦ ... ◦ g1 ◦ f1(G2) and hi ◦ si ◦ fi ◦ ... ◦ g1 ◦ f1(G2) are template
edge graphs.
(2) Both ri and si are composed of finitely many steps of simple splits (See
Figure 7), expanding surgeries and/or their converses.
(3) hi is an out-split, an in-split or the inverse of an out-split or in-split between
two template edge graphs.
Figure 8 shows a decomposition of an out-split. In a similar way as Figure 8
shows, each gi admits such a decomposition.
Set t1 = s1 ◦ f1, ti = si ◦ fi ◦ ri−1 (i = 2, ..., n) and ti+1 = fn+1 ◦ rn. Then
G1 = tn+1 ◦ hn ◦ tn ◦ ... ◦ h1 ◦ t1(G2). Here each ti (i = 1, ..., n+1) is a composition
of finitely many steps of simple splits, expanding surgeries and/or their converses
between two template edge graphs. It is easy to show that each ti is a composition
of the surgeries in Figure 9, expanding surgeries and the converses of expanding
surgeries. The local structure of each hi is shown in Figure 10 (see also Figure 8).
Obviously tn+1 ◦ hn ◦ tn ◦ ... ◦ h1 ◦ t1 : G2 → G1 provides the corresponding
transformation from T2 to T1, i.e., Tn+1 ◦ Hn ◦ Tn ◦ ... ◦ H1 ◦ T1 : T2 → T1. Here
Ti and Hj correspond to ti and hj respectively. By the constructions of ti and
hi, each Ti corresponds to a composition of finitely many steps of slide moves and
each Hi corresponds to a split move or the converse of a split move (see Figure 10).
Therefore, T1 and T2 can be exchanged by a finite sequence of template moves. 
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Theorem 3.3. Let T1 and T2 be two templates and [ϕ
T1
t ,KT1 ] and [ϕ
T2
t ,KT2 ] be
the germs determined by T1 and T2 respectively. Then [ϕ
T1
t ,KT1 ] = [ϕ
T2
t ,KT2 ] if
and only if T1 and T2 can be exchanged by applying a finite sequence of template
moves.
Proof. The sufficiency. It suffices to consider only one template move and there
are the following two possible cases:
(1) T1 is transformed into T2 by a slide move;
(2) T1 is transformed into T2 by a split move.
By the construction of a thickened template, it is easy to show that (T1, ϕ
T1
t ) is
topologically equivalent to (T2, ϕ
T2
t ) in case (1). Therefore, in this case, [ϕ
T1
t ,KT1 ] =
[ϕT2t ,KT2 ].
In case (2), there exists a template T ′1 ⊂ T1 such that T
′
1 = T2. So (T
′
1, ϕ
T ′1
t ) is
topologically equivalent to (T2, ϕ
T2
t ) and KT1 ⊂ T
′
1 ⊂ T1. Therefore, [ϕ
T1
t ,KT1 ] =
[ϕT2t ,KT2 ].
The necessity. If [ϕT1t ,KT1 ] = [ϕ
T2
t ,KT2 ], by the definition of germ, there exists
U1 and U2 which are the neighborhoods of KT1 and KT2 respectively such that:
(1) KTi ⊂ Ui ⊂ Ti for i = 1, 2;
(2) (U1, ϕ
T1
t |U1) is topologically equivalent to (U2, ϕ
T2
t |U2).
Therefore, we can construct templates T 11 ⊂ U1 for (U1, ϕ
T1
t |U1) and T
2
2 ⊂ U2
for (U2, ϕ
T2
t |U2) such that T
1
1 = T
2
2 . On the other hand, by Lemma 3.2, Ti and
T ii (i = 1, 2) can be exchanged by applying a finite sequence of template moves.
Therefore, T1 and T2 can be exchanged by applying a finite sequence of template
moves. 
4. Template, Model of Germ and Filtrating Neighborhood
One may attach a 2-handle along a dividing curve c of a thickened template T
as shown in Figure 11. Here a 2-handle is a cylinder D2 × [0, 1] endowed with the
vector field ∂
∂t
. The first figure in Figure 11 is a cross-section of T along c.
c
Crosssectional view of attaching a 2-handle
to a thickened template along the curve c
Figure 11.
If we repeat the above process for each dividing curve of T , we obtain a compact
3-manifold N with the flow ϕt. Here ϕt is transverse to ∂N . Obviously, KT ⊂ T ⊂
N is the maximal invariant set for ϕt in N .
In [12], G. Frank described W s(ϕt) ∩ ∂T . We restate his result in the following:
12 BIN YU
Theorem 4.1. W s(ϕt) ∩ ∂T = W s(ϕt) ∩ X where X is the entrance set of ∂T .
It is a lamination F on X which locally is homeomorphic to C × R. Here C is a
Cantor set. In F , there are only a finite number of circles. For any x ∈ F , x × t
approaches a circle asymptotically as t → +∞ (or t → −∞). X − F has infinite
connected components. Each connected component of X − F is homeomorphic to
the interior of D2.
Remark 4.2. The statement “Each connected ...D2” in Theorem 4.1 is not included
in the original theorem of G. Frank. But it is easy to prove this fact by the
arguments in his paper [12].
Theorem 4.3. Let T be a thickened template and let N be obtained by attaching
2-handles to each dividing curve. Then (ϕt, N) is the model of the germ [ϕ
T
t ,KT ].
Proof. (ϕt, N) obviously satisfies (1) and (3) in the definition of the model of a
germ. Therefore, it is sufficient to prove that (ϕt, N) satisfies (2) of the definition.
For any circle c in ∂1N which is disjoint fromW
s(ϕt), at least one of the following
three situations occurs. Here ∂1N is the entrance set of (ϕt, N).
Case 1: c ⊂ D2 × 0 ⊔ D2 × 1 for some attached 2-handle D2 × [0, 1]. Then
obviously c bounds a disk in (D2 × 0 ⊔D2 × 1) ⊂ ∂1N . It is easy to see that the
disk is disjoint from W s(ϕt).
Case 2: c ⊂ X ⊂ ∂1N and c ∩W s(ϕt) = ∅. Obviously c ∩W s(ϕTt ) = ∅. By
Theorem 4.1, c is in the interior of a disk which belongs to X and is disjoint from
W s(ϕt). Therefore, c bounds a disk in X ⊂ ∂1N . Moreover, the disk is disjoint
from W s(ϕt).
Case 3: c ∩ X 6= ∅ and c ∩ {2 − handles} 6= ∅. In this case, there exists an
isotopy map Ft(x) : S
1 → ∂1N (t ∈ [0, 1]) such that F0(S1) = c, F1(S1) = c1 and
F[0,1](S
1) ∩W s(ϕt) = ∅, where c1 is a simple closed curve in X .
As in Case 2, c1 bounds a disk D1 ⊂ ∂N which is disjoint from W s(ϕt). Let
D = F[0,1](S
1) ∪ D1 which is also a disk in ∂1N . It is easy to check that ∂D = c
and D ∩W s(ϕt) = ∅. 
Let Σg,k be a genus g orientable surface with k punctures. We endow Σg,k× [0, 1]
with the vector field ∂
∂t
. Let T be a thickened template and denote the set of dividing
curves by set C = {c1, c2, ..., cn} where each ci (i = 1, ..., n) is a simple closed curve.
Consider a partition of C, i.e., C = C1 ⊔C2⊔ ...⊔Ct satisfying Cj ⊂ C (j = 1, ..., t)
and Ci ∩Cj = ∅ (i 6= j). Denote the number of the connected components of Ci by
ki. One may attach Σgi,ki × [0, 1] to T along Ci similar to attaching 2-handle. By
Proposition 2.12 and Theorem 4.3, we have the following theorem.
Theorem 4.4. If U is a filtrating neighborhood with a basic set modeled by T ,
then there exists a partition C1 ⊔ C2 ⊔ ... ⊔ Ct of C such that U is topologically
equivalent to (φt, N). Here (φt, N) is obtained by attaching Σgi,ki × [0, 1] to T
along Ci (i = 1, ..., t) for some nonnegative integers gi (i = 1, ..., t).
Theorem 4.5. Let M = M ′♯mS1 × S2 where M ′ is prime to S1 × S2. Suppose
φt is an NS flow on M with a basic set Λ modeled by a template T . As Theorem
4.4 shows, the filtrating neighborhood U of Λ is obtained by attaching Σgi,ki × [0, 1]
(i = 1, ..., t) to T along dividing curves set C of T . Then for any i ∈ {1, ..., t}, we
have gi ≤ m+ 1 and
(1) ki ≤ 4m− 3gi + 3 for gi ≤ m;
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(2) ki ≤ m+ 1 for gi = m+ 1.
Proof. By Theorem 1 of [27], the genus of any connected component of ∂U is no
more than m+ 1, hence gi ≤ m+ 1 for any i ∈ {1, ..., t}.
Suppose Σgi,ki × 0 (Σgi,ki × 1) is attached to Σ0 (Σ1) which is a connected
component of ∂U . Under the assumption ki ≥ 4m−3gi+4, we obtain the following
two claims.
Claim 1. There exist at least r(gi) = 2m− gi+2 simple closed curves of Ci× 1
such that these curves bound the disks D1, D2, ..., Dr(gi) in Σ1.
Otherwise, there exist k = 2m − 2gi + 3 simple closed curves in Ci × 1 bound
some surfaces S1, S2, .., Ss in Σ1 such that none of them is homeomorphic to a disk.
Without loss of generality, we suppose these simple closed curves are c1, ..., ck. If
∂Sj (j = 1, .., s) is connected, then the genus of Sj is at least 1. Denote the number
of the connected components of ∂Sj by rj . If ∂Sj isn’t connected , the genus of
(Σ1−Sj) is at mostm+1−rj+1. Suppose none of ∂S1, ..., ∂Sλ (λ ≤ s) is connected
and each of ∂Sλ+1, ..., ∂Ss is connected. It is easy to show that the genus of Σgi,ki
is at most
m+ 1−
λ∑
j=1
(rj − 1)− (s− λ)
= m+ 1− k + λ (since
λ∑
j=1
rj + (s− λ) = k)
= 2gi −m− 2 + λ (since k = 2m− 2gi + 3).
Noting that rj ≥ 2 and
∑λ
j=1 rj+(s−λ) = k = 2m−2gi+3, we have λ ≤ m−gi+1
and 2gi−m− 2 + λ ≤ 2gi−m− 2+ (m− gi +1) = gi − 1. Therefore, the genus of
Σgi,ki is at most gi − 1. It contradicts the fact that the genus of Σgi,ki is gi.
Claim 2. The disks D1, ..., Dr(gi) together with the backward trajectory of their
boundaries and Σ0−Σgi,ki × 0 (0 ≤ gi ≤ m+1) compose at least m+1 2-spheres.
Case 1: gi = m+ 1.
By the assumption “ki ≥ 4m− 3gi + 4” and Claim 1, we have ki ≥ m + 1 and
there exist at least r(m + 1) = m + 1 simple closed curves of Ci × 1 which bound
disks in Σ1. By Theorem 1 of [27], the genus of Σ0 and Σ1 are no more than m+1,
so the backward trajectory of the boundaries of D1, ..., Dr(gi) also bounds disks in
Σ0. Therefore, if gi = m+ 1, Claim 2 is true.
Case 2: gi ≤ m and Ci × 0 bound some genus 0 surfaces F1, F2, ..., Fµ in Σ0.
Suppose ∂Fi (i = 1, .., µ) has ri (ri ≥ 1) connected components. Obviously
gi = m+ 1−
∑µ
i=1(ri − 1) = m+ µ+ 1−
∑µ
i=1 ri. By Claim 1, there exist at least
r(gi) = 2m− gi + 2 = 2m− (m + µ+ 1) +
∑µ
i=1 ri + 2 = (m+ 1) +
∑µ
i=1(ri − 1)
simple closed curves of Ci × 1 bound disks D1, D2, ..., Dr(gi) in Σ1. Since ∂Fi
(i = 1, .., µ) has ri (ri ≥ 1) connected components, the genus of Fi is 0 and r(gi) =
(m+ 1) +
∑µ
i=1(ri − 1). Therefore, the backward trajectory of these simple closed
curves (the boundaries of D1, D2, ..., Dr(gi)) bounds at least m + 1 disks in Σ0.
Therefore, in this case, Claim 2 is also true.
Case 3: gi ≤ m and there exists {c1 × 0, ..., ck × 0} ⊂ Ci × 0 bounds a genus g
(g ≥ 1) surface in Σ0.
Attaching a surface Σg,k to Σgi,ki along its boundary, we have a surface Σ
′. The
genus of Σ′ is gi + g + k − 1 and ∂Σ
′ has at least 4m − 3gi + 4 − k components.
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By Claim 1, there exist at least r(gi) = 2m− gi + 2 simple closed curves of Ci × 1
which bound disks in Σ1, so there exist at least 2m−gi+2−k simple closed curves
of ∂Σ′ × 1 which bound disks in Σ1.
Since the genus of Σ′ is gi + g + k − 1, ∂Σ′ has at least 4m − 3gi + 4 − k
(> 4m− 3(gi + g+ k− 1) + 4) components and there exist at least 2m− gi +2− k
(> 2m − (gi + g + k − 1) + 2) simple closed curves of ∂Σ′ × 1 which bound disks
in Σ1. By induction on the number of the connected components of Σ0 − Σ × 0
whose genus is no less than 1, it can always be reduced to a situation similar to
gi ≤ m+1 or a situation in which gi ≤ m and Ci× 0 bound some genus 0 surfaces.
Here Σ× 0 ⊂ Σ0. By the previous discussions, in these two situations, Claim 2 is
true. Therefore, Claim 2 is always true.
Now, let’s return to the proof of the theorem. Let S21 , ..., S
2
m+1 bem+1 2-spheres
in Claim 2, since M = M ′♯mS1 × S2 where M ′ is prime to S1 × S2, there exists
r ∈ N satisfying r ≤ m + 1 such that S = S21 ∪ S
2
2 ∪ ... ∪ S
2
r divides M into two
connected components.
If gi ≤ m and ki ≥ 4m − 3gi + 4 ≥ m + 4, then S borders with T on both
sides of S, the template T can’t be connected. It is a contradiction. This means
“ki ≥ 4m− 3gi + 4” is impossible, therefore ki ≤ 4m− 3gi + 3.
If gi = m+ 1 and ki ≥ m+ 2, then m+ 2 > 4m− 3(m+ 1) + 4 = 4m− 3gi + 4.
Therefore, Claim 2 is also true in this case. Since ki ≥ m + 2, S borders with T
on both sides of S, the template T can’t be connected. It is a contradiction, so
ki ≤ m+ 1 when gi = m+ 1. 
Corollary 4.6. There exist at most a finite number of filtrating neighborhoods
(up to topological equivalence) for a given closed orientable 3-manifold M and a
template T such that:
(1) T models the invariant sets of these filtrating neighborhoods;
(2) Everyone of these filtrating neighborhoods can be realized as a filtrating
neighborhood of an NS flow on M .
Proof. Suppose U is a filtrating neighborhood with basic set modeled by T and
can be embedded into M . By Theorem 4.4, U is topologically equivalent to (φt, N)
which is obtained by attaching Σgi,ki×[0, 1] to T along Ci (i = 1, ..., t) for a partition
C1 ⊔C2 ⊔ ...⊔Ct of C. Here C is the dividing curves set of T and ki is the number
of connected components of Ci. Suppose M ∼= M ′♯mS1× S2 where M ′ is prime to
S1 × S2. Obviously, the partition number of {c1, ..., cn} is finite. By Theorem 4.5,
gi ≤ m+1 for any i ∈ {1, 2, ..., t}. We can obtain that
∑t
i=1 ki = n. Therefore, the
number of all the possibilities of (Σg1,k1 , ...,Σgt,kt) is finite. This means the number
of all the possibilities of the topological equivalence classes of U is finite. 
Example 4.7. Suppose T = L(1, 1) is a template as Figure 12-1 shows. It is a
Lorenz like template, see [13] or [26]. The thickened template T of T is shown in
Figure 12-2 and Figure 12-3. X and Y are the exit set and the entrance set of ∂T
respectively. {a, b, c} is the dividing curves set of T . Figure 12-4 shows X∪{a, b, c}.
Let M be a closed orientable irreducible 3-manifold and (φt, N) be a filtrating
neighborhood with invariant set modeled by T which can be realized as a filtrating
neighborhood of an NS flow on M . Noting that a and b are symmetric in T and
M is prime to S1 × S2, by a proof similar to that of Corollary 4.6, we know that
(φt, N) may be obtained by one of the following procedures:
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12-1  L(1,1)
X
12-4
a
b
c
X
Y
12-2   thickened tempate of L(1,1)
12-3   thickened tempate of L(1,1)
X
Y
a
b
c
Figure 12.
(1) attaching Σ0,2 × [0, 1] to T along {a, b} and Σ0,1 × [0, 1] to T along {c};
(2) attaching Σ0,2 × [0, 1] to T along {a, c} and Σ0,1 × [0, 1] to T along {b};
(3) attaching Σ1,1 × [0, 1] to T along {a} and two Σ0,1 × [0, 1] to T along {b}
and {c};
(4) attaching Σ1,1 × [0, 1] to T along {c} and two Σ0,1 × [0, 1] to T along {a}
and {b}.
In case (1) and (2) above, by the proofs of Theorem 2 and Theorem 4 in [26],
it is easy to show that N ∼= L(3, 1)♯T 2 × [0, 1]. M is irreducible and N can be
embedded into M , therefore M ∼= L(3, 1) and the interior of N ∼= (L(3, 1) − K).
Here K is a Hopf link in a three ball in L(3, 1).
In case (3) and (4) above, also by the proofs of Theorem 2 and Theorem 4 in [26],
we have that N ∼= S1×D2−V . Here V is a small open neighborhood of a standard
(3, 1) torus knot in the interior of S1 ×D2. Since N can be realized as a filtrating
neighborhood of an NS flow on S1 ×D2 and any closed orientable 3-manifold can
admit an NS flow ([27]), M may be any closed orientable irreducible 3-manifold.
In particular, if M ∼= S3 and N can be realized as a filtrating neighborhood of an
NS flow on S3, by the proofs of Theorem 2 and Theorem 4 in [26], S3 − N may
be a small open neighborhood of a two components link L which is composed of a
trivial knot and a (p, 3) torus knot in the boundary of a solid torus neighborhood
of the trivial knot. Here p is any integer such that p and 3 are coprime.
Remark 4.8. Example 4.7 tells us that, given a closed orientable 3-manifoldM and a
template T , although there exist at most a finite number of filtrating neighborhoods
with invariant set modeled by T such that each of them can be realized as a filtrating
neighborhood of an NS flow on M , there may be infinitely many different ways to
embed some filtrating neighborhood of T as a filtrating neighborhood of an NS flow
on M .
5. Embedding Templates in NS Flows on 3-Manifolds
To prove the main theorem (Theorem 5.5) of this section, we first recall a theorem
due to J. Morgan [16]:
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Theorem 5.1. Suppose that M is an orientable 3-manifold with X(M,∂−M) = 0
where ∂−M is composed of some connected components of ∂M and X(M,∂−M)
is the Euler number of (M,∂−M). For some nonnegative integer k, (M♯kS
1 ×
S2, ∂−M) has an NMS flow which is transverse outside to ∂−M and transverse
inside to ∂M − ∂−M .
Lemma 5.2. Let W be a compact 3-manifold with boundary Σ∪S1∪...∪Sg where Σ
is a genus (g+1) closed orientable surface and each Si (i = 1, ..., g) is homeomorphic
to a 2-shpere. Then for some nonnegative integer k, there exists an NMS flow φt on
W♯kS1×S2 such that φt is transverse outside to ∂(W♯kS1×S2) = Σ∪S1∪ ...∪Sg.
Proof. Attaching W to a copy of W along ∂W , we obtain a closed 3-manifold M .
Obviously X(M) = 0 = 2X(W,∂W )−X(∂W ). On the other hand,
X(∂M) =
g∑
i=1
X(si) +X(Σ) = 2g + (2− 2(g + 1)) = 0.
Then we have X(W,∂W ) = 0, hence (W,∂W ) satisfies the condition of Theorem
5.1. By Theorem 5.1, for some nonnegative integer k, W♯kS1×S2 admits an NMS
flow φt which is transverse outside to ∂W . 
Theorem 5.3. (Meleshuk [17]) Any template T can model a basic set Λ of a
Smale flow ϕt on S
3.
Lemma 5.4. There exists an NS flow ft on S
2 × I such that:
(1) ft is transverse inward to S
2 × 0 and outward to S2 × 1;
(2) there is no flowline which starts in S2 × 0 and terminates in S2 × 1.
Proof. In the proof of Lemma 3.4 of [27], choosing n = 1, we get a Smale flow ϕt on
S3 with two singularities: one is a sink, the other is a source. Cutting two standard
small neighborhoods of the sink and the source respectively, we obtain an NS flow
ft on S
2 × I which satisfies (1) of Lemma 5.4. By the argument in the proof of
Lemma 3.4 of [27], it is easy to prove that there is no flowline of ft which starts in
S2 × 0 and terminates in S2 × 1. 
Theorem 5.5. Let T be a template. Then there exists a positive integer n such
that nS1 × S2 admits an NS flow ψt with a basic set Λ modeled by T .
Proof. Let (φt, N) be a filtrating neighborhood of Λ of ϕt on S
3 where ϕt is the
Smale flow in Theorem 5.3. Suppose ∂N = Σ+1 ∪ ... ∪ Σ
+
t ∪ Σ
−
1 ∪ ... ∪ Σ
−
s where
Σ+1 ∪ ... ∪ Σ
+
t and Σ
−
1 ∪ ... ∪ Σ
−
s are the entrance set and exit set of ϕt on N
respectively.
Suppose
g+i > 1, i = 1, ..., t1
g+i = 0, i = t1 + 1, ..., t1 + t2
g+i = 1, i = t1 + t2 + 1, ..., t
and
g−j > 1, j = 1, ..., s1
g−j = 0, j = s1 + 1, ..., s1 + s2
g−j = 1, j = s1 + s2 + 1, ..., s.
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Here each of t1, t2, t− t1− t2, s1, s2 and s− s1− s2 is a nonnegative integer and
g+i (g
−
j ) is the genus of Σ
+
i (Σ
−
j ).
Since any embedded surface in S3 is separable, S3 −N = M+1 ⊔ ...⊔M
+
t ⊔M
−
1 ⊔
... ⊔M−s where ∂M
+
i = Σ
+
i and ∂M
−
j = Σ
−
j . Cutting g
+
i − 1 open 3-balls in M
+
i
(i = 1, ..., t1), we get a compact 3-manifold W
+
i such that ∂W
+
i is composed of Σ
+
i
and g+i − 1 2-spheres. Similarly, cutting g
−
j − 1 open 3-balls in M
−
j (j = 1, ..., s1),
we get a compact 3-manifold W−j such that ∂W
−
j is composed of Σ
−
j and g
−
j − 1
2-spheres. By Lemma 5.2, there exist NMS flows φ+i (t) (i = 1, ..., t1) and φ
−
j (t)
(j = 1, ..., s1) on W
+
i ♯miS
1 × S2 and W−j ♯njS
1 × S2 respectively such that φ+i (t)
is transverse outside to ∂W+i and φ
−
j (t) is transverse inside to ∂W
−
j .
When t1+ t2+1 ≤ i ≤ t and s1+s2+1 ≤ j ≤ s, ∂M
+
i
∼= ∂M−j
∼= T 2. M+i (M
−
j )
can be embedded into S3, so M+i (M
−
j ) is a knot complement. By Proposition
6.1 of J. Franks [7], there exists an NS flow φ+i (t) (φ
−
j (t)) on M
+
i (M
−
j ) which is
transverse inside (outside) to ∂W+i (∂W
−
j ).
By attaching (W+i ♯miS
1×S2, φ+i (t)) (i = 1, ..., t1), (W
−
j ♯njS
1×S2, φ−j (t)) (j =
1, ..., s1), (M
+
i , φ
+
i (t)) (i = t1+ t2+1, ..., t) and (M
−
j , φ
−
j (t)) (j = s1+ s2+1, ..., s)
to (N,φt) standardly, we get an NS flow ψ
1
t on V where V is homeomorphic to
(
∑t1
i=1mi +
∑s1
j=1 nj)S
1 × S2 with (
∑t1
i=1 g
+
i − t1) + (
∑s1
j=1 g
−
j − s1) + t2 + s2
punctures. By Poinca´re-Hopf theorem, it is easy to show that
∑t1
i=1 g
+
i − t1 + s2 =∑s1
j=1 g
−
j − s1 + t2 (denote this number by r). So (V, ψ
1
t ) is transverse outside to
2-spheres S+1 , ..., S
+
r and inside to 2-spheres S
−
1 , ..., S
−
r .
If either S+i belongs to some W
+
i ♯miS
1×S2 or S−i belongs to some W
−
j ♯njS
1×
S2, we attach S+i to S
−
i . Otherwise, we attach (S
2× I, ft) in Lemma 5.4 to (V, ψ1t )
such that S2 × 0 is attached to S+i and S
2 × 1 is attached to S−i .
Thus we obtain a flow ϕt on nS
1×S2 where n =
∑t1
i=1mi+
∑s1
j=1 nj+r. Noting
that (2) in Lemma 5.4 ensures that there are no more chain recurrent points except
the chain recurrent sets which we have controlled, it is easy to check that ϕt is an
NS flow. 
By a comparison of Theorem 5.5 and the proof of Lemma 3.6 in [27], we have
the following corollary.
Corollary 5.6. Let T be a template. There exists a positive integer n such that, for
any closed orientable 3-manifold M ′, there exists an NS flow ψt on M = M
′♯nS1×
S2 with a basic set Λ modeled by T .
Furthermore, the following question is natural.
Question 5.7. Let T be a template. Does there exist a positive integer n such that
any closed orientable 3-manifold M admits an NS flow with a basic set modeled by
T if and only if M =M ′♯nS1 × S2? Here M ′ is any closed orientable 3-manifold.
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